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Abstract  

In this paper, we present a comparative study of the application of a relatively new integral transform similar in 

spirit with Laplace transform, the Elzaki transform in solving linear ODE with constant coefficients. Different 

problems were considered using both techniques by illustrating their respective solution method. It was revealed 

that the Elzaki transform is powerful and efficient in solving nth order ODE with easier simple procedures. 
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INTRODUCTION 
   

Modelling of numerous physical issues in 

the real world leads to the emergence of rigid 

systems of ordinary differential equations 

(ODEs). The scientific community is very 

interested in the solutions to such systems. For 

the solution of such systems, a number of 

numerical, analytical, and semi-numerical 

strategies have been put forth. Linear ODE are 

fundamental tools in modelling analysis across 

disciplines such as physics, engineering and 

applied Mathematics. One of the classical 

methods for solving such equations is the 

Laplace transform. 

Integral transforms are important 

mathematical tools that help simplify the 

process of solving differential equations. One 

of the most widely used is the Laplace 

Transform, introduced by Pierre-Simon 

Laplace in 18th century. Over time, it has 

become central to applications in engineering, 

physics, and control theory (Doetsch, 1974; 

Debnath & Bhatta, 2007). Its strength lies in 

reducing complex initial value problems into 

forms that are much more manageable.   An 

alternative integral transform method is the 

Elzaki Transform which is relatively new 

method that addresses lengthy algebraic 

manipulations that might sometimes arises in 

the use of the Laplace transform. This relatively 

new method has shown promise in simplifying 

the solution process for both ordinary and 

fractional differential equations, providing 

results with reduced computational effort 

(Elzaki, 2011).  In some cases, it offers 

advantages over both the Laplace and Sumudu 

transforms (Belgacem & Karaballi, 2006).   

The comparative study of the third order 

convergence Numerical method (FS), Adomain 

Decomposition Method (ADM), and successive 

approximation method (SAM) in the context of 

exact solution of ODE were presented by 

Fadugba et.al (2020). Assabaai & Ahmed 

(2023) numerically solved singular linear 

ordinary differential equations (SLODEs) of 

high orders using the collocation method on the 

NBI polynomials. William (2021) presented the 

Laplace transform as an alternative general 

method for solving linear ordinary differential 

equations. Areo et al. (2020) proposed the 

derivation of a class of hybrid methods for 

solution of second order initial value problems 
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(IVP) in blockmode  using it to investigate 

order, error constant, zero stability, consistency 

and convergence. Triag & Salih (2011) 

presented the connection between Elzaki 

transform and Laplace Transform. A family of 

matrix coefficient formulas for solving ordinary 

differential equations was studied by Shuenn-

Yih (2022). Amurawaye et al. (2023) studied 

the application of Aboodh transform to solution 

of nth order differential equations and 

compared results with Laplace Transform. 

Triag & Salih (2011) worked on the Elzaki 

transform and ordinary differential equations. 

This article contribution show how both 

classical and modern approaches can 

complement each other in problem – solving. 

 
MATERIALS AND METHODS  

  

The Elzaki transform is a relatively recent 

integral transform introduced by Elzaki (2011). 

This transform has gained attention due to its 

effectiveness in solving linear and nonlinear 

differential equations particularly where 

traditional method maybe cumbersome. 

Like the Laplace transform, the Elzaki 

transform is an integral transform defined for a 

function  tF ,𝑡 ≥ 0 , as : 

    21

0

2 ,,)()( kkvyEevtFvtFE t  


  

where 21,kkv  

 

Elzaki transform of 1st Order ODE 

Given kycbyya  )0(,  

By taking Elzaki transform of this equation,We 

have 
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Taking the inverse Elzaki transform of 

equation (1) we get desired result. 

 

Elzaki transform of 2nd Order ODE 

,)0(, kydcyybya   and 

Py  )0(  

Taking Elzaki transform of this equation 

result into 
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After necessary mathematical 

simplification and taking the inverse Elzaki 

transform (2), we arrived at exact solution. 

 

Elzaki transform of 3rd Order Ordinary 

Differential Equation 

Pykyedyycybya  )0(,)0(,  

and my  )0(  
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Simplifying (3) and taking the inverse 

Elzaki transform, gives desired result. 

 

Nth order ODE by Elzaki transform 

Consider the nth order ODE 

𝑎𝑛
𝑑𝑛𝑦

𝑑𝑥𝑛 + 𝑎𝑛−1
𝑑𝑛−1𝑦

𝑑𝑥𝑛−1 + 𝑎𝑛−2
𝑑𝑛−2𝑦

𝑑𝑥𝑛−2 + ⋯ +

𝑎
𝑑𝑦

𝑑𝑥
+ 𝑎0𝑦 = 𝑏(𝑥)  with the initial conditions  

𝑦 (0) = 𝑘0 , 𝑦′(0) =  𝑘1 , 𝑦′′(0) =
 𝑘2 , 𝑦′′′(0) =  𝑘3, . . … , 𝑦𝑛−2(0) =
 𝑘𝑛−2   𝑎𝑛𝑑 𝑦𝑛−1(0) =  𝑘𝑛−1   
     (4) 

Taking Elzaki transform of (4) 

 

𝐸 (𝑎𝑛
𝑑𝑛𝑦

𝑑𝑥𝑛) =  𝑎𝑛 (
𝐸(𝑦)

𝑣𝑛 −  
𝑦(0)
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𝑦′(0)

𝑣𝑛−3 −

 
𝑦′′(0)

𝑣𝑛−4 −  
𝑦′′′(0)

𝑣𝑛−5 −  
𝑦′𝑣(0)

𝑣𝑛−6 − ⋯ − 𝑦𝑛−1(0))   

     (5) 

𝐸 (𝑎𝑛−1
𝑑𝑛−1𝑦

𝑑𝑥𝑛−1) = 𝑎𝑛−1 (
𝐸(𝑦)

𝑣𝑛−1 − 
𝑦(0)

𝑣𝑛−3 −

𝑦′(0)

𝑣𝑛−4 −  
𝑦′′(0)

𝑣𝑛−5 −  
𝑦′′′(0)

𝑣𝑛−6 −  
𝑦′𝑣(0)

𝑣𝑛−7 − ⋯ −

𝑦𝑛−2(0))    (6) 

𝐸 (𝑎𝑛−2
𝑑𝑛−2𝑦

𝑑𝑥𝑛−2) = = 𝑎𝑛−2 (
𝐸(𝑦)

𝑣𝑛−2 −  
𝑦(0)

𝑣𝑛−4 −

𝑦′(0)

𝑣𝑛−5 −  
𝑦′′(0)

𝑣𝑛−6 −  
𝑦′′′(0)

𝑣𝑛−7 −  
𝑦′𝑣(0)

𝑣𝑛−8 − ⋯ −

𝑦𝑛−3(0))      (7) 

……. 

…….. 

……. 

𝐸 (𝑎
𝑑𝑦

𝑑𝑥
) = 𝑎 𝐸 (

𝑑𝑦

𝑑𝑥
) = 𝑎 (

𝐸(𝑦)

𝑣
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     (8) 

𝐸(𝑎0𝑦) = 𝑎0 𝐸(𝑦)   
     (9) 

𝐸(𝑏(𝑥)) = 𝐸(𝑏(𝑥))   (10) 

 

Simplifying and introducing the initial 

conditions, give result as; 
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 [𝑎𝑛𝑘𝑛−1 +  𝑎𝑛−1𝑘𝑛−2 + 𝑎𝑛−2𝑘𝑛−3 + ⋯ ] =
𝐸[𝑏(𝑥)]    (11) 

 

Equation (11) gives the solution of the nth 

order ODE for Elzaki transform. 

 

Laplace Transform of 1st order ODE. 

kycbyya  )0(,  

Taking Laplace transform of the equation, 
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Taking inverse Laplace transform, gives 

exact solution. 

 

Laplace Transform of 2nd order ODE 

 

,)0(, kydcyybya   and 

Py  )0(  

Taking Laplace transform of this equation, 
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Published by The College of Science & Information Technology (COSIT), TASUED, Vol. 19, No. 1, pp. 331-338. 
 

334 

 

  )()( 2 dLbkaPaSkcbSaSyL 

 

cbSaS

dLbkaPaSk
yL






2

)(
)(  

     (13) 

By Mathematical simplification of (13) and 

taking the inverse Laplace transform, gives 

result. 

 

Laplace Transform of 3rd order ordinary 

differential equation 

 

Pykyedyycybya  )0(,)0(,

 and my  )0(  

 

Taking Laplace transform of this equation 

 

)(][][][][ eLdyLycLybLyaL   

                 )()()0(00)0(00 223 eLydLyySLcySyyLSbyySySyLSa 

 

      )()(223 eLydLckycSLbPbkSyLbSamaPSkaSyLaS   

  )()( 223 eLckbPbkSamaPSkaSdcSbSaSyL   

dcSbSaS

eLckbPbkSamaPSkaS
yL






23

2 )(
)(      (14)

 

 

By taking the inverse Laplace transform, 

we arrived at our desired result. 

 

Nth order ODE by Laplace transform  

Consider the nth order ODE 

𝑎𝑛
𝑑𝑛𝑦

𝑑𝑥𝑛 + 𝑎𝑛−1
𝑑𝑛−1𝑦

𝑑𝑥𝑛−1 + 𝑎𝑛−2
𝑑𝑛−2𝑦

𝑑𝑥𝑛−2 + ⋯ +

𝑎
𝑑𝑦

𝑑𝑥
+ 𝑎0𝑦 = 𝑏(𝑥)  with the initial conditions  

𝑦 (0) = 𝑘0 , 𝑦′(0) =  𝑘1 , 𝑦′′(0) =
 𝑘2 , 𝑦′′′(0) =  𝑘3, . . … , 𝑦𝑛−2(0) =
 𝑘𝑛−2   𝑎𝑛𝑑 𝑦𝑛−1(0) =  𝑘𝑛−1   
     (15) 

Taking Laplace of (15), we have 

𝐿 [𝑎𝑛
𝑑𝑛𝑦

𝑑𝑥𝑛] = 𝑎𝑛 𝐿 [
𝑑𝑛𝑦

𝑑𝑥𝑛] = 𝑎𝑛[𝑆𝑛𝑦(𝑠) −

 𝑆𝑛−1𝑦(0) − 𝑆𝑛−2𝑦′(0) − ⋯ − 𝑦𝑛−1(0)]
     (16) 

 

𝐿 [𝑎𝑛−1
𝑑𝑛−1𝑦

𝑑𝑥𝑛−1] = 𝑎𝑛−1 𝐿 [
𝑑𝑛−1𝑦

𝑑𝑥𝑛−1] =

𝑎𝑛−1[𝑆𝑛−1𝑦(𝑠) − 𝑆𝑛−2𝑦(0) − 𝑆𝑛−3𝑦′(0) −
⋯ − 𝑠𝑦𝑛−3(0) − 𝑦𝑛−1(0)]  
     

     (17) 

…… 

…… 

𝐿 [𝑎
𝑑𝑦

𝑑𝑥
] = 𝑎𝐿 [

𝑑𝑦

𝑑𝑥
] = 𝑎 [𝑆𝑦(𝑠) − 𝑦(0)] 

     

     (18) 

𝐿[𝑎0𝑦] = 𝑎0𝐿[𝑦] =  𝑎0𝑦(𝑠)  

     

     (19) 

If  𝑏(𝑥) is a constant, combining equations (16) 

to (19), simplifying and using initial conditions 

gives: 

 

[𝑎𝑛𝑆𝑛 +  𝑎𝑛−1𝑆𝑛−1 + 𝑎𝑛−2𝑆𝑛−2 +
⋯ 𝑎𝑛−𝑛𝑆𝑛−𝑛]𝑌(𝑠) −  [𝑎𝑛𝑆𝑛−1 +

 𝑎𝑛−1𝑆𝑛−2 + 𝑎𝑛−2𝑆𝑛−3 +

⋯ 𝑎𝑛−(𝑛−1)𝑆𝑛−𝑛]𝑘0 − [𝑎𝑛𝑆𝑛−2 +

 𝑎𝑛−1𝑆𝑛−3 + 𝑎𝑛−2𝑆𝑛−4 +
⋯ 𝑎𝑛−(𝑛−2)𝑆𝑛−𝑛]𝑘1 − ⋯ − [𝑎𝑛𝑘𝑛−2 +

 𝑎𝑛−1𝑘𝑛−3 + 𝑎𝑛−2𝑘𝑛−4 + ⋯ ]𝑆 − [𝑎𝑛𝑘𝑛−1 +
 𝑎𝑛−1𝑘𝑛−2 + 𝑎𝑛−2𝑘𝑛−3] = 𝐿[𝑏(𝑥)] 
     

     

     (20) 

𝑌(𝑠) =
𝐿[𝑏(𝑥)]

[𝑎𝑛𝑆𝑛+ 𝑎𝑛−1𝑆𝑛−1+𝑎𝑛−2𝑆𝑛−2+⋯𝑎𝑛−𝑛𝑆𝑛−𝑛]
+

[𝑎𝑛𝑆𝑛−1+ 𝑎𝑛−1𝑆𝑛−2+𝑎𝑛−2𝑆𝑛−3+⋯𝑎𝑛−(𝑛−1)𝑆𝑛−𝑛]𝑘

[𝑎𝑛𝑆𝑛+ 𝑎𝑛−1𝑆𝑛−1+𝑎𝑛−2𝑆𝑛−2+⋯𝑎𝑛−𝑛𝑆𝑛−𝑛]
+

 
[𝑎𝑛𝑆𝑛−2+ 𝑎𝑛−1𝑆𝑛−3+𝑎𝑛−2𝑆𝑛−4+⋯𝑎𝑛−(𝑛−2)𝑆𝑛−𝑛]𝑘1

[𝑎𝑛𝑆𝑛+ 𝑎𝑛−1𝑆𝑛−1+𝑎𝑛−2𝑆𝑛−2+⋯𝑎𝑛−𝑛𝑆𝑛−𝑛]
+

⋯ + 
[𝑎𝑛𝑘𝑛−2+ 𝑎𝑛−1𝑘𝑛−3+𝑎𝑛−2𝑘𝑛−4+⋯ ]𝑆

[𝑎𝑛𝑆𝑛+ 𝑎𝑛−1𝑆𝑛−1+𝑎𝑛−2𝑆𝑛−2+⋯𝑎𝑛−𝑛𝑆𝑛−𝑛]
+

 
[𝑎𝑛𝑘𝑛−1+ 𝑎𝑛−1𝑘𝑛−2+𝑎𝑛−2𝑘𝑛−3]

[𝑎𝑛𝑆𝑛+ 𝑎𝑛−1𝑆𝑛−1+𝑎𝑛−2𝑆𝑛−2+⋯𝑎𝑛−𝑛𝑆𝑛−𝑛]
 

     

     

     (21) 

Algebraically solving the equation and taking 

the inverse Laplace transform gives the result 

𝑦(𝑥) =  𝐿−1[𝑌(𝑠)]   
     (22) 
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RESULTS 
 

Example 1: 

Solve 1)0(,0  yyy
 

 

Using the Elzaki transform, we have: 

bva

cvEkav
yE






)(
)(

2

 

 ,0,1,1  cba and 1k  
Substituting the above values, we have 

v

v
yE




1
)(

2

     

By taking inverse Elzaki transform 

  xexy 
 

By the Laplace transform, we have: 

 
baS

akcL
yL






)(
   

  

,0,1,1  cba and 1k   

Substituting the above values, we have 

1

1
)(




S
yL     

The inverse Laplace transform of the equation 

gives: 

  xexy   

 

Example 2: 

Solve 𝑦′ + 𝑦 = 𝑐𝑜𝑠2𝑥,            𝑦(0) = 1 

By Elzaki transform: 

bva

cvEkav
yE






)(
)(

2

    

,2cos,1,1 xcba  and 1k

    

Substituting the above values, we have 

144

4
)(

23

234






vvv

vvv
yE   

  

     v15

4

4v154v15

4v
 )(

2

2

2

2

3










vv
yE

 
By taking inverse Elzaki transform, result gives 

  xexxxy 
5

4
2cos

5

1
2sin

5

2

 
Laplace transform gives: 

 
baS

akcL
yL






)(

  
,2cos,1,1 xcba  and 1k

    

Substituting the above values, we have 

     15

4

45

4

4544

4
)(

2223

2















SSS

S

SSS

SS
yL

     

By taking the inverse Laplace transform, result 

gives 

  xexxxy 
5

4
2cos

5

1
2sin

5

2
 

 

Example 3: 

Solve 

1)0()0(,0  yyyy
 

Elzaki transform gives: 

 
2

2 )(
)(

cvbva

dEbkavPakv
yE






1,0,1,0,1  kdcba and 

1P  
Substituting the values, we have 

2

2

2

3

2

23

111
)(

v

v

v

v

v

vv
yE










   

By taking inverse Elzaki transform, we get 

  xxxy cossin   
Laplace transform method gives: 

cbSaS

dLbkaPaSk
yL






2

)(
)(

1,0,1,0,1  kdcba and 

1P  
By substitution of the values, we have 

1

1

11

1
)(

222 










SS

S

S

S
yL   

The inverse Laplace transform of this equation 

is simply obtained as: 

  xxxy cossin   

 

Example 4: 

Solve 

1)
2

(,1)0(,2cos9 


yyxyy

 

 
2

2 )(
)(

cvbva

dEbkavPakv
yE






      1,2cos,9,0,1  kxdcba

 and mP   

Substituting the values, we have 
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𝐸(𝑦) =
4𝑚𝑣5 + 5𝑣4 + 𝑚𝑣3 + 𝑣2

36𝑣4 + 13𝑣2 + 1

=
𝑣2

5(1 + 4𝑣2)
+

𝑚𝑣3

(1 + 9𝑣2)

+
4𝑣2

5(1 + 9𝑣2)
 

The inverse Elzaki transform will lead to the 

solution

  xx
m

xxy 3cos
5

4
3sin

3
2cos

5

1
  

Since 1
2









y , substituting ,

2
x


then 

5

12
m  

Then, 

  xxxxy 3cos
5

4
3sin

5

4
2cos

5

1


 
Laplace transform method gives the solution 

cbSaS

dLbkaPaSk
yL






2

)(
)(  

1,2cos,9,0,1  kxdcba

 and mP      

Substituting the above values, we have 

𝐿(𝑦) =
𝑆3 + 𝑚𝑆2 + 5𝑆 + 4𝑚

𝑆4 + 13𝑆2 + 36
 

=
𝑆

5(𝑆2 + 4)
+

4𝑆

5(𝑆2 + 9)
+

3𝑚

3(𝑆2 + 9)
 

The inverse Laplace transform of this equation 

is simply obtained as: 

  xx
m

xxy 3cos
5

4
3sin

3
2cos

5

1
 ,  

Since 1
2









y , substituting ,

2
x


gives

5

12
m , then 

 
 

 

Example 5: 

7)0(,0)0(,94  yyxyy

 

 
2

2 )(
)(

cvbva

dEbkavPakv
yE




  

  

𝑎 = 1, 𝑏 = 0, 𝑐 = 4, 𝑑 = 9𝑥, 𝑘 = 0  𝑎𝑛𝑑 𝑝 =
7   
Substituting the above values, we have 

 
2

3
3

2

35

41

2
8

19

4

9

41

79
)(

v

v
v

v

vv
yE







   

 

Taking inverse 

Elzaki transform 

gives,  

 

Using Laplace transform: 

Laplace transform gives 

cbSaS

dLbkaPaSk
yL






2

)(
)(  

0,9,4,0,1  kxdcba

 and 7P    

 

Substituting the values, we have 

  
















4

2

8

19

4

9

4

79
)(

2222

2

SSSS

S
yL

  

The inverse Laplace transform of this equation 

is simply obtained as  

 

 

 

Example 6:
 

0)0(,1)0(,0)0(,cos2  yyyxyy

 

By the Elzaki transform 

 

 
32

222 )(
)(

dvcvbva

evEckvbPvbkvamvaPvakv
yE






     

1,0,cos1,0,0,1  Pkxedcba

 and 0m     

Substituting the above values, we have 

2

3

24

35

1132

2
)(

v

v

vv

vv
yE







  

  

The inverse Elzaki transform will lead to the 

solution 

  xxy sin
 

 

Laplace transform gives: 

dcSbSaS

eLckbPbkSamaPSkaS
yL






23

2 )(
)(

  

1,0,cos1,0,0,1  Pkxedcba

 and 0m    

Substituting the above values, we have 

  xxxxy 3cos
5

4
3sin

5

4
2cos

5

1


  x
x

xy 2sin
8

19

4

9


  x
x

xy 2sin
8

19

4

9

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1

1

23

2
)(

235

3









SSSS

SS
yL   

 

The inverse Laplace transform of this equation 

is simply obtained as  

  xxy sin  
 

Example 7: 

Consider the ODE  

𝑦𝑖𝑣 − 3𝑦′′ + 2𝑦 = 0  ,
𝑦(0) = 1 , 𝑦′ (0) = 0, 𝑦′′(0)
=  0, 𝑦′′′(0) = 0. 

 

By Elzaki transform 

𝑎 = 1, 𝑏 =  −3, 𝑐 = 0, 𝑑 = 0  𝑒 = 0 , 𝑘0 = 1,
𝑘1 = 0,    𝑘2 = 0, 𝑘3 = 0 

𝐸(𝑦) [
1 − 3𝑣2 + 2𝑣4 

𝑣4
] =

1 − 3𝑣2

𝑣2
 

𝐸(𝑦) =  
𝑣2 − 3𝑣4

1 − 3𝑣2 + 2𝑣4 

=   
2𝑣2

1 − 𝑣2
−

𝑣2

1 − 2𝑣2
 

 

Taking inverse Elzaki gives 

𝑦 = 2 cosh 𝑥 −  cosh √2𝑥  
 

By using the Laplace transform: 

𝑎 = 1, 𝑏 =  −3, 𝑐 = 0, 𝑑 = 0  𝑒 = 0 , 𝑘0 = 1,
𝑘1 = 0,    𝑘2 = 0, 𝑘3 = 0 

𝐿(𝑠)[𝑠4 − 3𝑠2 + 2] = 𝑠3 − 3𝑠 

𝐿(𝑦) =
𝑠3 − 3𝑠

[𝑠4 − 3𝑠2 + 2]
 

      =
𝟐𝒔

𝒔𝟐 − 𝟏
−

𝒔

𝒔𝟐 − 𝟏
 

 

By taking inverse Laplace transform, the result 

gives 

𝑦 =   𝑐𝑜𝑠ℎ 𝑥 – 𝑐𝑜𝑠ℎ √2 𝑥 
 

 

CONCLUSION 
 

 In this paper, we have demonstrated the 

application of the Elzaki transform and the 

Laplace transform in solving nth-order linear 

ordinary differential equation with constant 

coefficient and results compared with Laplace 

transform to show how the two methods 

complement each other in solving the same 

class of problems. The two transforms give 

flexibility. Elzaki transform often shorten 

computations and extends applicability, while 

Laplace transform provides familiarity and 

robustness.  
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APPENDIX 
 

Elzaki and Laplace Transform of some important functions 

Functions 

 tF  

Elzaki Transform 

  tFE  

Laplace Transform 

  tFL  

 1F  2v  

S

1
 

  tF  3v  
3

1

S
 

 ntF  
1! nvn  

1

!
nS

n
 

 bteF  

bv

v

1

2

 
bS 

1
 

 btF sin  

22

3

1 vb

bv


 22 bS

b


 

 btF cos  

22

2

1 vb

v


 22 bS

S


 

  tyF    
 0vy

v

yE
  

   0yySL   

  tyF    
   00

2
yvy

v

yE
  

     002 ySyyLS   

  tyF n
  

 





1

0

2 0
n

k

kkn

n
yv

v

yE
 

     

   00

0...0

13

21









nn

nnn

yyS

ySySyLS
 

 


