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Abstract

In this paper, we present a comparative study of the application of a relatively new integral transform similar in
spirit with Laplace transform, the Elzaki transform in solving linear ODE with constant coefficients. Different
problems were considered using both techniques by illustrating their respective solution method. It was revealed
that the Elzaki transform is powerful and efficient in solving nth order ODE with easier simple procedures.

Keywords: Elzaki transform, Laplace transform, Differential equation, N"-Order

INTRODUCTION

Modelling of numerous physical issues in
the real world leads to the emergence of rigid
systems of ordinary differential equations
(ODEs). The scientific community is very
interested in the solutions to such systems. For
the solution of such systems, a number of
numerical, analytical, and semi-numerical
strategies have been put forth. Linear ODE are
fundamental tools in modelling analysis across
disciplines such as physics, engineering and
applied Mathematics. One of the classical
methods for solving such equations is the
Laplace transform.

Integral  transforms  are  important
mathematical tools that help simplify the
process of solving differential equations. One
of the most widely used is the Laplace
Transform, introduced by Pierre-Simon
Laplace in 18th century. Over time, it has
become central to applications in engineering,
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physics, and control theory (Doetsch, 1974;
Debnath & Bhatta, 2007). Its strength lies in
reducing complex initial value problems into
forms that are much more manageable. An
alternative integral transform method is the
Elzaki Transform which is relatively new
method that addresses lengthy algebraic
manipulations that might sometimes arises in
the use of the Laplace transform. This relatively
new method has shown promise in simplifying
the solution process for both ordinary and
fractional differential equations, providing
results with reduced computational effort
(Elzaki, 2011). In some cases, it offers
advantages over both the Laplace and Sumudu
transforms (Belgacem & Karaballi, 2006).

The comparative study of the third order
convergence Numerical method (FS), Adomain
Decomposition Method (ADM), and successive
approximation method (SAM) in the context of
exact solution of ODE were presented by
Fadugba et.al (2020). Assabaai & Ahmed
(2023) numerically solved singular linear
ordinary differential equations (SLODEs) of
high orders using the collocation method on the
NBI polynomials. William (2021) presented the
Laplace transform as an alternative general
method for solving linear ordinary differential
equations. Areo et al. (2020) proposed the
derivation of a class of hybrid methods for
solution of second order initial value problems
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(IVP) in blockmode using it to investigate
order, error constant, zero stability, consistency
and convergence. Triag & Salih (2011)
presented the connection between Elzaki
transform and Laplace Transform. A family of
matrix coefficient formulas for solving ordinary
differential equations was studied by Shuenn-
Yih (2022). Amurawaye et al. (2023) studied
the application of Aboodh transform to solution
of nth order differential equations and
compared results with Laplace Transform.
Triag & Salih (2011) worked on the Elzaki
transform and ordinary differential equations.
This article contribution show how both
classical and modern approaches can
complement each other in problem — solving.

MATERIALS AND METHODS

The Elzaki transform is a relatively recent
integral transform introduced by Elzaki (2011).
This transform has gained attention due to its
effectiveness in solving linear and nonlinear
differential equations particularly  where
traditional method maybe cumbersome.

Like the Laplace transform, the Elzaki
transform is an integral transform defined for a

function F(t),t > 0, as:

E[F(t)]:vzj F(vtle" = E(y), vek,k,
0

where v ek, kK,

Elzaki transform of 1t Order ODE
Givenay'+by=c, y(0)=k

By taking Elzaki transform of this equation,We

have

o LE() W) |+ E(Y) = EC0

%E(y) —avy(0) +bE(y) = E(c)
%E(y)—avk+bE(y) =E(c)
%E(y)+bE(y) = avk + E(c)

ol SEM YO
V Vv

E(y)_%+b} — avk+ E(c)
E(y)_a:bv} - avk+E(c)

:a+bv %
E(y)_ }: [avk + E(c)]x b
E(y) = A KFVE() )

a+hbv

Taking the inverse Elzaki transform of
equation (1) we get desired result.

Elzaki transform of 2" Order ODE
ay'""+by"+cy=d, y(0)=Kk,
y'(0)=P
Taking Elzaki transform of this equation
result into

a[vlzE(y)—y(O)—vy'(O)}bEE(y)—y(O)}+cE(y)= E(d)

and

izE(y)—avk—avP+9E(y)—bk+cE(y) - E(d)
\' \Y

%+9+c}:ak+avP+bk+E(d)
vZ v

E(y)

a+bv+cv?

E(y) 2

}zak+avP+bk+ E(d)

vZ[ak +avP + bk + E(d)]
a+bv+cv?

E(y) = )

After necessary mathematical
simplification and taking the inverse Elzaki
transform (2), we arrived at exact solution.

Elzaki transform of 3rd Order Ordinary
Differential Equation

ay"" +by"+cy’+dy=e, y(0)=Kk,
and y”'(0)=m

y'(0) — W”(O)J N b[vi E(y) — y(0) — vy'(O)]

ol LEW) -y |E) + dEW) = ECe)
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y'(0) =P
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B E(y) - _ap—avm+ 2 E(y) bk —bvP + SE(y) - ck + dE(Y) = E(e)
\Y \Y \' \Y

E(y)|:%+£2+g+dJ :a—k+aP+avm+bk+va+ck + E(e)
Ve v \Y

\Y/

ak + aPv + amv? + bkv + bPv? + ckv + VE(e)

a+bv+cv? +dv?
E(y){ 7 }

v? [ak +aPv + amv? + bkv+ bPv?® + ckv + vE(e)]

\Y

E(y) =

3
a+bv+cv? +dv? ®)
Simplifying (3) and taking the inverse In 4 Gn-i + 2 an—z 24t a_.|_ @]E(y) _
Elzaki transform, gives desired result. v ”";1 .
|+t S22t ay| kg -
N™ order ODE by Elzaki transform Gn |, Gni, Gnes
. oty + |k +
Consider the n'" order ODE [v”‘3 pnmt L opneS ] 1 [vn 4

n-1 n2

dn

andn+n1dn1 2t

an- Zd n-2
aa + ayy = b(x) with the initial conditions
¥ (0) =ko,y'(0) = ky,¥"(0) =

kz ,y”'(O) = k3, e ...,yn_Z(O) =
kn—p and y"~1(0) = ky_y

(4)
Taking Elzaki transform of (4)
any\ _ Ey)  y0) y'(0)
E(anﬁ)_ "(u_n_w_-z_w_-3_
y'©) "  y"(0) -
pn—4  pn-5  pn-6 " 1(0))
n-1 (5)
dnty Ey)  y(0)
E (an‘l W) T -1 \pnr T pns T
y'© y'0  y'"@©O ¥y
vn—4 vn—s vn—6 vn—7
y*2(0)) (6)
an 2y Ey) _ y(©
E (an—z dx?) == Gn-2 (u"‘2 Topn—4
y'©@ _y"0) y"© _ yro
vn—s Un—s vn—7 vn—s
y"3(0)) (7)

(8)
E(aoy) = ao E(y)

(9)
E(b(x)) = E(b(x)) (10)

Simplifying and introducing the initial
conditions, give result as;
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_l_an 1+ an—z_l_

vn—ﬁ vn—7
ks —
[ankn_1 + an_1kn_z + an_ky_3+ -

E[b(x)]

aAn— a
o+ Dk |l = [

]

pn—6

_I_an 1_|_ an2+"']
v

v‘l’l—7 n-8

] =
(11)

Equation (11) gives the solution of the n™"
order ODE for Elzaki transform.

Laplace Transform of 1% order ODE.
ay'+by=c, y()=k
Taking Laplace transform of the equation,

L[ay']+ Llby]= L(c),
a[SL(y)- y(0)]+bL(y) = L(c)
aSL(y)—ak +bL(y) = L(c)
asL(y)+bL(y) = L(c) +ak
L(y)asS +b]=L(c) + ak

L(c) + ak
L(y)= as +b

(12)

Taking inverse Laplace transform, gives
exact solution.

Laplace Transform of 2" order ODE

ay”"+by'+cy=d, y(0)=k, and

y'(0)=P
Taking Laplace transform of this equation,

als*L(y)-$y(0)- y @)+ b[SL(y)- y(@) )+ cL(y) = L(d)

aS?L(y)—aSk —aP +bSL(y)—bk +cL(y) = L(d)
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L(y)|aS? +bS +c|=aSk+aP +bk + L(d)

aSk+aP+bk+L(d)

L =
) aS’®+bS+c

(13)
By Mathematical simplification of (13) and
taking the inverse Laplace transform, gives
result.

Llay"']+ L[by"]+ L[cy']+ L[dy] = L(e)

Laplace Transform of 3™ order ordinary
differential equation

"

ay'""+by" +cy'+dy=e,
and y"(0)=m

y(0) =Kk,

Taking Laplace transform of this equation

aS°L(y)-S?y(0)- Sy'(0)~ y"(0)]+ b[S>L(y)~ Sy(0)- y'(0)]+ c[SL(y) - y(0)] + dL(y) = L(e)

aS’L(y)—aS?k —aPS —am+bS?L(y)—bkS —bP +cSL(y)—ck +dL(y) = L(e)
L(y)[aS3 +bS? +cS +d]: aS?k +aPS + am+ bkS +bP +ck + L(e)

aS’k +aPS +am+bkS +bP +ck + L(e)

L =
V) aS® +bS? +cS +d

By taking the inverse Laplace transform,
we arrived at our desired result.

N™ order ODE by Laplace transform
Consider the n" order ODE
dny dn—ly dn—Zy
axn T On=1 g T 02w
a2+ agy = b(x) with the initial conditions
y(0) =ko,y'(0) = ky,y"(0) =
ky,y"'(0) = ks, .....,y"2(0) =

kn—p and y"=1(0) = ky_4

an + ot

(15)
Taking Laplace of (15), we have
d'y] _ d'yl _ n
L [an W] =a,L [W] = a,[S"y(s) —
S™1y(0) — S™2y"(0) — -+ — y"H(0)]
(16)

dn—ly _ dn—ly _
L G| = ans L] =
an-1[S"ty(s) — S"2y(0) — S" 3y’ (0) —
= sy™3(0) — y™1(0)]

(17)
L{ag] = aL|Z] = asy(s) = y(0)]

(18)
Llagy] = aoLlyl = aoy(s)

(19)
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(14)

If b(x) is aconstant, combining equations (16)
to (19), simplifying and using initial conditions
gives:

[anS™ + ap_1S™ 1+ a,_,S" 2% +

ey STMY(S) — [anS™T +

1SVt + a,_,SV3 +

an_(n_l)Sn_n]kO — [anSn‘z +

1SV 3+ a,_, SV +

an—(n—Z)Sn_n]kl - [ankn—z +
An-1kn-3 + Qn_2kn_4 + ]S - [ankn—l +
an-1kn—2 + an—2ky—3] = L[b(x)]

(20)
Y(s) =
L[b(x)] n
[anS™+ an_1S" 1+an_ S 24 ap_n, ST
[anS™  + an_1S™ 2 +an_S" 3+ ay_(n-)S" Mk
[anS™+ an_1S™" 1+an_ S 2+ an_n S
[anS™ 2+ ap_1S" 3 +an_p SV e ay_(n-2)S" ke
[anS™+ an_1S™" 14+an_r S 24 an_n S
[ankn—2+ An-1kn-3+an—2kn_g+--1S
[anS™+ an_1S™" 14+an_, S 24 ay_n ST
[ankn-1+ an-1kn—2+an—2kn-3l
[anS™ an_1S™" 1+an_ S 24 ap_n, ST

_|_

+

(21)
Algebraically solving the equation and taking
the inverse Laplace transform gives the result
y(x) = L7HY(s)]

(22)

y'(©) =P
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RESULTS Substituting the above values, we have

I L) S?+S+4 s 4 4
Example 1: BPSIY ~Hez 2
Solve y'+ y -0, (0)-1 S°+52+45+4 5S%+4) 5S?+4) 5(S+1)

By taking the inverse Laplace transform, result

Using the Elzaki transform, we have: :
gives

av’k + VvE(c)

E(y) - _2gin2xs Losaxs Lo
(y) ~ by y(x)= 5 Sin2x+Zcos2x+ e
a=1 b=1 c¢=0, and k=1
Substituting the above values, we have Example 3:
V2 Solve
E(y)=1+v y'+y=0, y(0)=y'(0)=1
By taking inverse Elzaki transform Elzaki tranzsform gIves.
y(x) = e~ E(y)= [ak+avP+bk:rE(d)]
By the Laplace transform, we have: a+bv+cev
v) L(c) + ak a=1 b=0 c=1 d=0, k=1and
~ aS+b P=1
Substituting the values, we have
a=1 b=1 c¢=0, andk=1 10 LA A S
Substituting the above values, we have 1+v:  1+v? 1+4V?
L(v) = 1 By taking inverse Elzaki transform, we get
(y) = S+1 y(x) = sinx+cosx
The inverse Laplace transform of the equation Laplace transform method gives:
gives: aSk+aP +bk+L(d)
_ax L(y) = >
y(x)=e aS“+bS+c
a=1 b=0, c=1 d=0, k=1and
Example 2: P-1
Solve y' +y = cos2x, y(0) =1 By substitution of the values, we have
By Elzaki transform: S+1 S 1
2k +VE(c) L(y)= >~ = +
E(y):av— S*+1 S*+1 S’+1
a+bv The inverse Laplace transform of this equation
a=1 b=1 c=co0s2x, and k=1 is simply obtained as:

y(x) = sinx+cosx
Substituting the above values, we have

vt +v2 4+ v? Example 4:
E(y) =

AV +4v7 +v+1 Solve
y"" +9y = cos2x, y(0) =1, y(z) =-1
E(y) = 4v? N v? . 4v? 2
5L+4v?) 5(1+4v?) 5(1+v) ,
e . . vZ[ak +avP + bk + E(d)]
By taking inverse Elzaki transform, result gives E(y) =
5 1 4 a+bv+cv?
y(x):g3|n2x+g0052x+ge a=1 b=0, c=9, d=cos2x, k=1
andP=m

Laplace transform gives:
L(c) + ak
L(y)= =2
aS+b
a=1 b=1 c=cos2x, and k=1

Substituting the values, we have
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4mv® + 5v* + mv3 + v?

E(v) =
) 36v* + 1302 + 1
3 p2 N muv3
T 5(144v2) (14 9v2)
N 412
5(1 +9v?)

The inverse Elzaki transform will lead to the
solution

y(x)= L cos2x+ Msinax + 2 cosax
5 3 5

Since y(%) =-1, substituting % = X, then

12
m=-—

5
Then,

y(x)= L cos2x+ Zsinax+ 2 cosax
5 5 5

Laplace transform method gives the solution

aSk+aP +bk+L(d)

L =

) aS’+bS+c

a=1 b=0, c=9, d=cos2x, k=1
andP=m

Substituting the above values, we have
53 +mS? 455 +4m
L(y) =

S*+135% + 36
4S5

3m

T 5(52 4+ 4) + 5(52+9) * 3(52+9)

The inverse Laplace transform of this equation
is simply obtained as:

y(x)= L cos2x+ Msinax + Zcosax,
5 3 5
Since y(%) = -1, substituting % = X, gives
12

m = —, then
5

y(x)= L cos2x+ Zsinax+ 2 cosax
5 5 5

Example 5:

y"'+4y =9x, y(0) =0,
vZ[ak + avP + bk + E(d

ey =Vl (d)]

a+bv+cv?

a=1,b=0,c=4,d=9, k=0 andp =
7
Substituting the above values, we have

19/, 3
E(y) = v +7v:  9v° E(ZV )
1+4v? 4 1+4v?
Taking inverse
9x 19 . Elzaki transform
y(x)= — tgsin 2X " gives,
Using Laplace transform:
Laplace transform gives
aSk+aP +bk+ L(d
L(y) =252 @
aS“+bS+c
a=1 b=0, c=4, d=9x, k=0
andP =7

Substituting the values, we have
L(y) = 94782 9 +Q( 2 J
s2(s2+4) 457 8\s2+4

The inverse Laplace transform of this equation
is simply obtained as

y(x) = 97?( +?sin 2x

Example 6:
y"' +2y'=cosx,

By the Elzaki transform

E(y)

_v?[ak+aPv+amv? + bkv-+ bPv? + ckv + VE(e)]

a+bv+eov? +dve

a=1 b=0, c=0, d=1 e=cosx,

andm=0
Substituting the above values, we have

2v° V3 v:
E(Y)=—— 2 = 2
VT +3vi+1 1+v

The inverse Elzaki transform will lead to the
solution

y'(0) ¥(®)=sinx

336

Laplace transform gives:

L(y) =

k=0, P=1

aS’k +aPS +am+bkS+bP +ck + L(e)

aS® +bS?+cS+d

a=1 b=0, ¢c=0 d=1 e=cos,

and m=0
Substituting the above values, we have

k=0, P=1
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. S8*+28s 1
S°+3S°+2S S?+1

L(y)

The inverse Laplace transform of this equation
is simply obtained as

y(x)=sinx

Example 7:

Consider the ODE

y? —3y"+2y=0,
y(0)=1,y"(0) =0,y"(0)
=0 y"(0)=0.

By Elzaki transform
a=1,b= -3,c=0d=0e=0,ky =1,

k=0, ky=0  ks=0
1—3v? + 2v* 1—3v?
E(y)[ - ]= 2
v? — 3p*
E(y)=1—3v2+2v4
202 v?

T 1-vZz 1-2p2

Taking inverse Elzaki gives
y = 2 coshx — cosh/2x

By using the Laplace transform:
a=1,b= -3,c=0d=0e=0,ky =1,
ki =0, k;, =0, k;=0
L(s)[s*—3s%2+2]=5s3—-3s
L s3—3s
)= [s* — 352 + 2]
2s s

s2—1 s2—-1

By taking inverse Laplace transform, the result
gives
y = coshx-cosh2x

CONCLUSION

In this paper, we have demonstrated the
application of the Elzaki transform and the
Laplace transform in solving n®-order linear
ordinary differential equation with constant
coefficient and results compared with Laplace
transform to show how the two methods
complement each other in solving the same
class of problems. The two transforms give
flexibility. Elzaki transform often shorten
computations and extends applicability, while

337

Laplace transform provides familiarity and
robustness.
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APPENDIX
Elzaki and Laplace Transform of some important functions
Functions Elzaki Transform Laplace Transform
F(t) E[F(t)] L[F ()]
F@) % 1
S
[F () v 1
s?
Fi) TV o
S n+l
F(ebt) v2 1
1-bv S-b
F(sinbt) bv? b
1+b?v? S*+b’
F(cosbt) V2 S
1+b?v? S*+b’

' E SL(y)—y(0
Fly'(t)] @ ~vy(0) (v)-y(0)

" E , 2 _ —v'
Fly(t)] V(Zy) ~y(0)-w(0) s?L(y)-Sy(0)- y'(0)
F[y”(t)] E(Y)_ Hvz—mkyk(o) SnL(y)_Sn_lY(o)_---_Sn_zy’(o)

Vn = -S n73ylr(0)_ ynfl(o)




